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Abstract. This article considers isometries of the Kobayashi and Caratheod-ory met- 
rics on domains in C™ and the extent to which they behave like holomorphic mappings. 
First we prove a metric version of Poincare's theorem about biholomorphic inequivalence 
of B™, the unit ball in C ra and A™, the unit poly disc in C™ and then provide few ex- 
amples which suggest that B™ cannot be mapped isometrically onto a product domain. 
In addition, we prove several results on continuous extension of isometries / : D\ — > D2 
to the closures under purely local assumptions on the boundaries. As an application, 
we show that there is no isometry between a strongly pseudoconvex domain in C 2 and 
certain classes of weakly pseudoconvex finite type domains in C 2 . 



1. Introduction 

The principal aim of this article is to explore the phenomenon of the rigidity of continuous 
isometries of the Kobayashi and the Caratheodory metrics. More precisely if D, D' are two 
domains in C n and / : D — > D' is a continuous isometry of the Kobayashi metrics on D, D', 
it is not known whether / must necessarily be holomorphic or conjugate holomorphic. The 
same question can be asked for the Caratheodory metric or for that matter any invariant 
metric as well. An affirmative answer for the Bergman metric was given in [5] in the 
case when D and D' are both C 2 -smooth strongly pseudoconvex domains in C n and this 
required knowledge of the limiting behaviour of the holomorphic sectional curvatures of 
the Bergman metric near strongly pseudoconvex points. In general, the Kobayashi metric 
is just upper semicontinuous and therefore a different approach will be needed for this 
question. The case of continuous isometries when D is smooth strongly convex and D' 
is the unit ball was dealt with in and this was improved upon in [T3] to handle the 
case when D is a C 2,e -smooth strongly pseudoconvex domain, and a common ingredient 
in both proofs was the use of Lempert discs. On the other hand, it has been remarked 
in [7] that the localization of a biholomorphic mapping between bounded domains near a 
given boundary point should follow from general principles of Gromov hyperbolicity - an 
example of this can be found in [1] . Motivated by such considerations it seemed natural to 
determine the extent to which isometries behave like holomorphic mappings and examples 
are provided by the following results. The first three theorems in particular deal with the 
most natural and ubiquitous domains, namely the unit ball and the polydisc (and product 
domains in general) and each statement leads to the next in a natural succession. Instead 
of providing a general statement (i.e., Theorem I1.3P only, we have instead focussed on 
assertions that gradually lead up to it, for this lays bare the arguments used in a systematic 
manner. 
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Theorem 1.1. There is no C 1 -Kobayashi or Caratheodory isometry between B n , the unit 
ball in C n and A n , the unit polydisc in C" for any n > 1. 

Several remarks are in order here. Firstly, by a C°-Kobayashi (Caratheodory or in- 
ner Caratheodory) isometry we mean a distance preserving bijection between the metric 
spaces ((Z>i, dcj and (D 2 ,d D2 ) ( (D u c Dl ) and (D 2 ,c D2 ); (D 1 ,c t Di ) and (D 2 ,c l D2 ) respec- 
tively). Here dp, cp and d D denote the Kobayashi, Caratheodory and inner Caratheodory 
metrics respectively on the domain D. For k > 1, a C fc -Kobayashi isometry is a C k - 
diffeomorphism / from D\ onto D 2 with f*{Fp ) = Fp where Fp and F^ 2 denote the 
infinitesimal Kobayashi metrics on D\ and D 2 respectively. Second, note that isometries 
are continuous when the domains are Kobayashi hyperbolic for in this case, the topology 
induced by the Kobayashi metric coincides with the intrinsic topology of the domain. 
Third, Theorem 11.11 may be regarded as a version of Poincare's theorem about biholo- 
morphic inequivalence of B n and A n for isometries. As can be expected, the main step in 
proving the above result is to show that the C 1 -smooth isometry, if it exists, is indeed a 
biholomorphic mapping to arrive at a contradiction. The proof of this is based on differ- 
ential geometric considerations in particular the theorem of Myers-Steenrod — as in [29] 
and the fact that the Kobayashi metric of the ball is a smooth Kahler metric of constant 
negative sectional curvature —4 plays a key role. 

Theorem 1.2. There is no C l -Kobayashi or Caratheodory isometry between B n and 
the product of m Euclidean balls B™ 1 x B™ 2 x . . . x B™" 1 for any 2 < m < n where 
n = m + n 2 + . . . + n m . 

A similar situation as in the above theorem was considered in Proposition 2.2.8 of [13] (see 
also p2j); the emphasis here being a different approach which is valid in a more general 
context and one example is provided by the following: 

Theorem 1.3. There is no C l -Kobayashi or Caratheodory isometry between B n and the 
product of m domains D\ x D 2 x . . . x D m for any 2 < m < n where each Di is a bounded 
strongly convex domain in C ni with C 6 -smooth boundary and n = n\ + n 2 + . . . + n m . 

While the proof of Theorem II .21 is along the same lines as that of Theorem II .![ the proof of 
Theorem 11.31 requires the existence of complex geodesies and certain degree of smoothness 
of the Kobayashi metric and hence we restrict to C 6 -smooth strongly convex domains. 
The proofs of Theorem II .1| 11.21 and 11.31 are contained in section 3. It must be mentioned 
that the above results are motivated by the well known fact that there does not exist a 
proper holomorphic mapping from a product domain onto B n for any n > 1. 

This article also considers the question of continuous extendability up to the boundary 
of continuous isometries between domains in C n . Here is a prototype statement that can 
be proved. 

Theorem 1.4. Let f : Di — >■ D 2 be a continuous Kobayashi isometry between two bounded 
domains in C 2 . Letp and q° be points on dDi and dD 2 respectively. Assume that dD\ is 
C°° -smooth weakly pseudoconvex of finite type nearp and that dD 2 is C 2 -smooth strongly 
pseudoconvex in a neighbourhood U 2 of q° . Suppose that q° belongs to the cluster set ofp° 
under f . Then f extends as a continuous mapping to a neighbourhood of p° in D]_. 

It should be noted that there are only purely local assumptions on Di and D 2 - in 
particular, the domains are not assumed to be pseudoconvex away from p° and q° and 
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there are no global smoothness assumptions on the boundaries. The above result is proved 
using the global estimates on the Kobayashi metric near weakly pseudoconvex boundary 
points of finite type from [UJ. This is done in Proposition 14.11 and Proposition 14.21 It is 
worthwhile mentioning that other relevant theorems of this nature for proper holomorphic 
mappings between strongly pseudoconvex domains were proved by Forstneric and Rosay 
([6]) using global estimates on the Kobayashi metric. As an application of Theorem 11.41 
we get: 

Theorem 1.5. Let D\ and D2 be bounded domains in C 2 . Letp = (0, 0) and q° be points 
on dD\ and 8D2 respectively. Assume that 8D\ in a neighbourhood U± of the origin is 
defined by 

{0*1,32) eC 2 : 2ftz 2 + \ Zl \ 2m + o(\ Zl \ 2m + %z 2 ) <0} 

where m > 1 is a positive integer and that dD 2 is C 2 -smooth strongly pseudoconvex in 
a neighbourhood U2 of a point q° e dD 2 ■ Then there cannot be a continuous Kobayashi 
isometry f from D\ onto D2 with the property that q° belongs to the cluster set ofp° under 

/• 

Theorem 11.51 dispenses with the assumption of having a global biholomorphic mapping 
and replaces it with a global Kobayashi isometry at the expense of restricting to certain 
classes of weakly pseudoconvex finite type domains in C 2 . A particularly useful strategy 
to investigate this type of results in the holomorphic category has been Pinchuk's scaling 
technique (cf. [2S])- Scaling D 1 near p° with respect to a sequence of points that converges 
to p° along the inner normal yields a limit domain of the form 

£>i,oc = { (si.sO e C 2 : 2$tz 2 + \ Zl \ 2m < 0} 

for which the Kobayashi metric has some smoothness (|2lj). It is for this reason that 
we restrict attention to domains with a defining function as described in Theorem 11.51 
In trying to adapt the scaling methods in our situation, the 'normality' of the scaled 
isometries needs to be established. This requires the stability of the integrated Kobayashi 
distance under scaling of a given strongly pseudoconvex domain (this was done in [28] ) 
and a weakly pseudoconvex finite type domain in C 2 - this was developed in [22] for a 
different application and we intend to use it here as well. The conclusion then would be 
that the limit of scaled isometries exists and yields a continuous isometry between the 
corresponding model domains, i.e., the ellipsoid Di >oa and the ball B 2 . Another difficulty 
is that unlike the holomorphic case the restrictions of Kobayashi isometries to sub domains 
are not isometries with respect to the Kobayashi metric of the subdomain. The end game 
lies in showing that the continuous isometry is holomorphic and this is done using the 
techniques employed in the proof of Theorem 11.11 - 11.31 

Several other statements about the continuous extendability of continuous isometries are 
possible - these relate to isometries between either a pair of strongly pseudoconvex do- 
mains in C n or between a pair of weakly pseudoconvex domains of finite type in C 2 . These 
have been stated (cf . Theorem 14.131 and Theorem 14. 14[) and elaborated upon towards the 
end of section 4. These are valid for isometries of the inner Caratheodory distance as well 
(cf. Theorem 14. 15[) . 

The author wishes to thank Prof. Kaushal Verma for his encouragement and for many 
useful discussions throughout the course of this work. Special thanks are also due to 
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Prof. W. Zwonek who provided valuable feedback after this article was put on the math 
arxiv. This theme of exploring isometries was also considered by him in [21], [22] and 
[33] and his unpublished thesis ( [M] ) and our theorems 11.11 11.21 and 11.31 and other more 
general statements within this paradigm were considered by him in these papers using 
very different methods. 

2. Notation and Terminology 

Let A denote the open unit disc in the complex plane and let dh yp {a, b) denote the distance 
between two points a, b G A with respect to the hyperbolic metric. For r > 0, A(0, r) C C 
will be the disc of radius r around the origin and B(z, 5) C C n will be the Euclidean ball 
of radius 5 > around z. Let X be a complex manifold of dimension n. The Kobayashi 
and the Caratheodory distances on X, denoted by d x and cx respectively, are defined as 
follows: 

Let z G X and fix £ a holomorphic tangent vector at z. Define the associated infinitesimal 
Caratheodory and Kobayashi metrics as 

iff(*,0 = su V {\df(z)£\:feO(X,A)} 
and F#(z,0 = inf|l:«>0,/GO(A,X) with /(0) = 2, /'(0) = af J 

respectively. This induces a concept of length of a path. If 7 : [0, 1] — > X is a piecewise 
smooth path, then the Caratheodory length is given by 

L C x (l)= f i^(7(*),7(*)) dt, 
Jo 

and this in turn induces the associated inner Caratheodory distance, namely 

c x (p,q) = infL£( 7 ) 

where the infimum is taken over all piecewise smooth curves 7 in X joining p to q. 
Likewise, the Kobayashi length of a piecewise C 1 -curve 7 : [0, 1] — > X is given by 

L K x {l)= f 'F*Mt)n(t))dt, 
Jo 

and finally the Kobayashi distance between p, q G X is defined as 

dx(p,q) = inf L x (j) 

where the infimum is taken over all piecewise differentiable curves 7 in X joining p to q. 
Recall that X is taut if 0(A,X) is a normal family. 

The Caratheodory distance c x between p, q G X is defined by setting 

Cx(P,q) = SUP dfcwp (/(?),/(?)) 
/ 

where the supremum is taken over the family of all holomorphic mappings / : X — > A. 

A domain D C C n with C 2 -smooth boundary is said to be strongly convex if there is a 
defining function p for dD such that the real Hessian of p is positive definite as a bilinear 
form on T p (dD) for every p G dD. 
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Let D C C n be a bounded domain. A holomorphic mapping cf) : A — > D is said to be an 
extremal disc or a complex geodesic for the Kobayashi distance if it is distance preserving, 
i.e., d D (<f)(p),<j)(q)) = d A (p,q) for all p, q in A. 

3. ISOMETRIES VERSUS BIHOLOMORPHISMS 

Proof of Theorem \1.1[ Suppose there exists a C 1 -isometry / : (A n ,d An ) —> (B n ,<iB' 1 )- 
Consider the restriction of / to lines in A n parallel the coordinate axes. Such lines are 
parameterized in the following way - For (ai, . . . , a n _i) G A n_1 fixed, consider <p l ai : 
A — > A n defined by 

^...an-ifc) = (^,ai,...,a n _i) 
for z in A. Then using the explicit form of the Kobayashi distance on the polydisc, it 
follows that 0ai...a n _i is distance preserving, i.e., 

d A (z,w) = d A n (^o 1 „.o n _i {z) j 4 > a 1 ...a n -i 

for all z, w in A. Indeed, 

{^...a^iz), ^...on-i H) = rf A« ((^, ai, . . . , a n _i), (tu, ai, . . . , a„_i)) 

= max {d A (z,iu), d A (ai, • • • , d A (a n -i, «n-i)} 
= d A (z,w). 

Consider the composition / a 1 1 ... an _ 1 = / o ^ 1 ... an _ 1 : A — )■ B n . Write / a 1 1 ... an _ 1 = 7 1 for 
brevity and note that J 1 preserves the Kobayashi distance. More concretely, 

^B«(/ 1 (^),/ 1 (w)) =d A (z,w) 

for all 2, w G A. The proof now divides into two parts. In the first part, we show that f 1 
is C°°-smooth. This is done by adapting the proof of the theorem of Myers-Steenrod. In 
the second one we prove that f l has to be (anti)-holomorphic using ideas from [29|. 

Step I: The mapping f l is C°°-smooth. 

To establish this, let p be an arbitrary point of A and put q = f l {p)- Let B r (p) and B r (q) 
be spherical normal neighbourhoods of p G A and q G B n respectively. These follow from 
the fact that F£ and F^ n are both Riemannian. We may assume that / 1 (5 r (p)) C B r (q). 
Consider germs of integral curves through p in all directions. The goal now is to show 
that their image under f l are integral curves through q in all directions. Indeed, for each 
v G T P A, consider the geodesic 

t^Ex Pp tv, -r/(F«(p,v)) <t<r/(F^(p,v)). 

The image j(t) = / 1 (Exp p tv) lies in B r (q) and has the property that 

dvn(j{t) n {t')) = \t-t'\F^(p,v) 

for all t, t' in the interval of definition. This uses the fact that f l is distance preserving. 
To see that 7 is a geodesic, we consider the point q — 7(0) and an arbitrary point Q on 
trace 7. They can be joined by a unique geodesic a of length d B ™(q, Q). Let B R {Q) be a 
spherical normal neighbourhood of Q and let s be any point on trace 7 between q and Q 
such that s G B R {Q). Then d-B"(q, s) + rf B «(s, Q) = d B n(q, Q) by construction. If we join 
q and s by the shortest distance realizing curve, and then join s and Q by the shortest 
distance minimizing curve, we get a piecewise differentiable curve of length d B n[q,Q). 
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This curve must coincide with a. Since Q was arbitrary on linage^), this proves that 7 
is a geodesic. In particular, 7 is differentiable. 

Let v' denote the tangent vector to 7 at the point q. Consider the mapping g : T P A — > 
TqQ n defined by setting g(v) = v'. Observe that F^(p,v) = F^„(a, g(v)) and g(av) = 
ag(v) for a G R and v G T p A. Now, let v x ,v 2 G T p A and choose p such that F^(p,pv x ) 
and F£(p, pv 2 ) are both less than r. Let v\ = Exp p tv 1 and t> 2 = Exp p tv 2 for < t < p. 
Let and F^ n be the quadratic forms associated to Riemannian metrics (•, -) p at p G A 
and (■, -) g at g G B n respectively. The choice of the metric will be clear from the context 
thereby avoiding ambiguities due to the same notation used. Then from [10J, we see that 

F«(p,tv l -tv 2 ) 
lim TT~\ — 2\ = 1 

so that 

2(v\v 2 ) p _ {Fl{ P y)) 2 + {F«(p,v 2 )) 2 {F^pM-tv 2 )) 2 
F*(p, v^Fgip, v 2 ) F*(p, v 1 )F^(p, v*) F*(p, tv^F^p, tv 2 ) 

_ (FZ( P ,v 1 )) 2 + {FZ(p,v 2 )) 2 d A (vj,v 2 ) 2 

Fg(p, v l )F£(p, v 2 ) ™ Ff (p, tv l )F£(p, tv 2 ) ' 

Since the right hand side is preserved by the mapping f 1 , it follows that 

(v\v 2 ) p =(g(v'),g(v 2 )) q 

But v 1 + v 2 is determined by the quantities F£(p, v 1 ), F^{p, v 2 ) and (v 1 , v 2 ) p , all of which 
are preserved by g. It follows that g(v 1 + 1> 2 ) = g(v x ) + 2 ) which together with the 
previous properties of g shows that it is a diffeomorphism of T P A onto T g B n . On B r (p) 
we have 

7 1 = Exp^o^oExpp 1 . 

This exactly means that the mapping f 1 is linear in exponential coordinates. Since the 
exponential map is smooth, f 1 is smooth. 

Step II: f 1 is holomorphic/anti-holomorphic. 

Let J and J denote the almost complex structures on TB n and TA respectively. It 
suffices to prove that df 1 o J = ± J o c?/ 1 . To do this, fix p G A and let S and S denote 
the set of complex lines i.e. 2-planes invariant under Jo and J respectively. We claim that 
J invariant 2-planes go to Jo invariant 2-planes under df 1 . First note that since f 1 is 
smooth, the sectional curvature of J 1 (A) with respect to the metric induced by f l is equal 
to that of A with respect to the hyperbolic metric, i.e., —4. On the other hand, since f 1 
is distance preserving, it takes geodesies in A to geodesies in B n and J 1 (A) is a totally 
geodesic submanifold of B n . Hence, the sectional curvature of J 1 (A) at f l {p).,p G A 
with respect to the induced metric is equal to the sectional curvature in the F^n-metric. 
This can be realized only by holomorphic sections in the ball - indeed, since F^ n has 
constant holomorphic sectional curvature —4, at any point the sectional curvature of a 
2-plane P spanned by an orthonormal pair of tangent vectors X, Y is — (1 + 3(X, JqY)). 
In particular, a two-dimensional subspace Q of the tangent space at the point is in 

So if and only if the sectional curvature of Q is —4. This shows that complex lines are 
taken to complex lines by df 1 . 
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Consequently, df 1 o J = ± J o c?/ 1 on any P G 5. Now, using the fact that 5 is connected 
as a subset of the Grassmann manifold of 2-planes in T P (A) we can conclude that df l oJ = 
Jo ° rf/ 1 on every P G 5 or rf/ 1 o J = — J ° df 1 on every P £ S, i.e., ci/ 1 oJ = ±J o df 1 
on T p (A). From the connectedness of A, it follows that df 1 o J = ±J ° df 1 on TA. This 
completes Step II. 

Further, recall that / G C 1 by assumption and consequently the mapping (ai, . . . , a„_i) — > 
/oi...a _i * s a ^ so ^ ~~ this is the only point in the proof that uses the (^-smoothness of /. 
Now, from the connectedness of A n_1 , we see that either 

dfL-an-i °J = Jo° dfl^^ 



or 



' a\...a n -\ 



dfl 1 ... an _ 1 oJ=-J a od~fl 

for every (ax, ... , a n _i) G A n_1 . In other words, either a is holomorphic for every 
choice of (a 1; . . . , a n _i) G A n_1 or anti-holomorphic for every (oi, . . . , a n _i) G A 71-1 . 
Replacing f^^, by it's complex conjugate, if necessary, we may assume that /a 1 ... an _ 1 
is holomorphic for every (ax, . . . , a n _i) G A n_1 . 

For each j = 2, . . . ,n, consider the composition = / o <^ _ where 



i i 1 ...«„_ 1 W = (ai, • • • , z, a i; 



for 2 G A and (ax, ... , a n _i) G A™ . Now, an argument similar to the one employed in 
Step I and Step II shows that fl a are holomorphic for every (ax, ■ ■ ■ ,a n -i) G A" -1 
and for all 2 < j < n. Said differently, this is just the assertion that / is holomorphic 
in each variable separately. Applying Hartog's theorem on separate analyticity to the 
mapping /, we conclude that / is holomorphic on A™. This violates the fact that there 
cannot be a biholomorphism from A n onto B n . This contradiction proves the theorem 
for the Kobayashi metric. Since the Kobayashi and the Caratheodory metrics coincide on 
A™ and B n , we obtain that there is no C 1 -Caratheodory isometry between A n and B™ 
for any n > 1. □ 

Proof of Theorem \1.2c To prove this, suppose that for some 2 < m < n, there exists a 
C 1 -Kobayashi isometry / : B ni x B™ 2 x . . . x B nm — > B n . Now, let Lxj denote the j th - 
coordinate axis in C™ 1 and let <fix,j be a holomorphic parametrization of the intersection 
of the complex line Lxj with B™ 1 and it can be checked that it is an isometric immersion 
from A into B ni , i.e., for every 1 < j '• < nx, 

(3.1) d B n 1 ( ( j) lJ (p),(f) 1J (q)) = d A (p,q) 

for all p, q G A. Next, for each fixed tuple a = (a 2 , . . . ,a m ) G B™ 2 x . . . x B nm and 
1 < j < nx, define 

^i,j( z ) = (0i,i(^),«2, ...,a m ) 
for z in A where (px,j is as described above. Then 

iplj : A — >■ B 711 x B" 2 x . . . x B nm 
is an extremal disc for the Kobayashi distance. Indeed, for all p, q in A, 

4»ixB»2x...xB»». (V'ijCzOj V'ljC?)) = 
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4»ixB»ax...xB%. (0ij(p),a 2 , • • • ,a m ),0ij(g),a 2 , . . . ,a m )). 
Now, we turn to the explicit formulae for the Kobayashi distance on product of balls - so 
that the right hand side above equals 

max|c/ B "i {(fii,j(p) , 4>i,j(l)) , dB«2(a 2 , a 2 ) , . . . , d^m (a m , a m ))j 
which in turn equals 

dim (0ijO),0ij(g)). 

Finally, from (13. ip we see that 

Once we know that ^f,- are complex geodesies, consider the composition 

fi,j = f ° : A B" 

for each fixed a = (a 2 , ■ ■ ■ , a m ) G B™ 2 x . . . x B" m and 1 < j < n% which is the restriction 
of / to the line in B" -1 x B™ 2 x . . . x B™ m parameterized by ipij- Evidently, /f ■ preserves 
the Kobayashi distance, i.e., 

for all p, q in A. 

Using the arguments similar to those used in the proof of Step I of Theorem 11.11 one can 
show that is C°°-smooth. This requires the fact that F£ and F^„ are both Riemannian 
(i.e., both are quadratic forms associated to Riemannian metrics) and that /f • is distance 
preserving. The goal now is to show that f°j is holomorphic or anti-holomorphic for each 
fixed j and a. This follows by repeating the reasoning in Step II of Theorem 1 1.1 1 

Moreover, the connectedness of B™ 2 x . . . x B" m and the set of all complex lines together 
with C 1 -smoothness of / (used in exactly the same way as in Theorem 11.11 and only 
here) forces that either /" ■ is holomorphic for every choice a G B™ 2 x . . . x B nm or 
anti-holomorphic for every a = (a 2 , ■ ■ ■ ,ot m ) G B™ 2 x . . . x B n ™ for each fixed j. As 
before, replacing by it's complex conjugate, if necessary, we may assume that ffy is 
holomorphic for each fixed 1 < j < n\ and for all a. Repeating this procedure shows that 
/ restricted to all complex lines in B™ 1 x B™ 2 x . . . x B"" 1 is holomorphic. This allows us to 
conclude that / is a biholomorphism from B ni x B™ 2 x . . . x B" m onto B n . This contradicts 
the fact that B" cannot be mapped biholomorphically onto any product domain thereby 
finishing the proof for the Kobayashi metric. Furthermore, since the Kobayashi and the 
Caratheodory metrics are equal on B n and B™ 1 x B" 2 x . . . x B" m , the result follows. □ 

Proof of Theorem \l.c\ - Suppose for some 2 < m < n, there exists a C 1 -Kobayashi isometry 
/ : Di x D 2 X . . . X D m — > B n . Now, fix a = (a 2 , . . . , a m ) G D 2 x D 2 x . . . x D m and 
consider f a :Di—> B n defined by f a (z) = f(z,a 2 ,..., a m ) for 2 in Di. Note that for any 
z,w G Di, 

dw (f a (z), f a (w)) = rf B ™ (f{z, a 2 , . . . , a m ), f(w, a 2 , . . . , a m )) 
Since / is a Kobayashi isometry, the right hand side above equals 

dD 1 xD 2 x...xD m {{ z i a 2 , . . . , a m ), (w, a 2 , . . . , a m )) 
which in turn by the product formula of the Kobayashi metric is given by 

max {d Dl (z,w),d D2 (a 2 ,a 2 ), . . . ,d Dm (a m ,a m )} 



ON ISOMETRIES OF THE KOBAYASHI AND CARATHEODORY METRICS 



!) 



which equals 

d Dl (z,w). 

The above calculation shows that d^n(f a (z),f a (w)) = di )l (z,w) for all z, w in D 1 . Said 
differently, the mapping / a : D\ — > B n is distance preserving. 

Step I: By Lemma 3.3 of [25], it is known that dr> l is Lipschitz equivalent to the Euclidean 
distance on compact convex subdomains of D\. To verify this, observe that F£ is jointly 
continuous by virtue of the tautness of the domain D\. Hence, F§J-,v) ~ \v\ on any 
compact subset of D\. Integrating the above estimate along straight line segments and 
complex geodesies joining any two points p, q G Di, we get the required result. Note that 
convexity of D\ guarantees the existence of geodesies between any two points in Di and 
that the line segment joining these two points is contained in Di. Therefore, from the 
classical theorem of Rademacher and Stepanov, we see that f a is differentiable almost 
everywhere. 

Step II: Firstly, it follows from [H] that Ffc is C^-smooth on D 1 x C ni \ {0}. Secondly, 
an argument similar to that used in [29] yields that the infinitesimal metric is Rie- 
mannian. F^ being Riemannian at p G D\ is equivalent to the 'parallelogram law' being 
satisfied on T p Di, i.e., 

(3.2) (F* (p, v + w)) 2 + (F* (p, v-w)) 2 = 2 ((F* (p, v)) 2 + (F K (p, w)) 2 ) 

for all v, w G TpDi. This is verified by first showing that Fp = fa(F^„) at every point of 
differentiability of f a which in turn relies on [23] and existence of smooth geodesies in D\. 
Once we know that F^ is Riemannian at every point of differentiability of f a which is a 
dense subset of D\, fix v, w in (I3.2p and use the continuity of F^ i in the domain variable 
to conclude. 

Step III: Since f a is a continuous distance preserving mapping between two Rie- 
mannian manifolds (Di,Fp ) and (B n ,F^„), applying the theorem of Myers-Steenrod 
([23"]) gives us that f a is C 1 . 

Step IV: f a is holomorphic/anti-holomorphic. This follows exactly as in Step II of 
Theorem 11.11 

By the connectedness of Di and C 1 -smoothness of the isometry /, an argument similar 
to the one used in Theorem 11.11 immediately shows that either f a is holomorphic for every 
a G D\ or conjugate holomorphic for every a in D\. Applying complex conjugation, if 
necessary, we may assume that f a is holomorphic for every choice of a G D\. Likewise, 
one can show that the mappings /& given by fb(z) = f(bi, z, 63, ... , b m ), z G D 2 are all 
holomorphic for every parameter b = (61, 63, ... , b m ) G D\ x _D 3 x . . . x D m . Repeating this 
argument, we see that / is separately holomorphic with respect to a group of variables for 
any fixed value of the other ones. In this setting, a generalisation of the classical Hartog's 
theorem due to Herve (see Theorem 2 in section II. 2.1 of [T2]) shows that / is holomorphic 
on Di x D 2 x . . . x D m and consequently F)\ x D 2 x . . . x D m is biholomorphic to B n . 
This contradiction finishes the proof for the Kobayashi metric. Since the Kobayashi and 
the Caratheodory metric are equal on bounded convex domains (cf. [19J), the theorem is 
completely proven. □ 
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4. Continuous extendability up to the boundary of isometries of the 

kobayashi metric 

In order to be able to prove Theorem ll.4[ we need to introduce the following special 
coordinates constructed for weakly pseudoconvex finite type domains in [5]: 

Let D C C 2 be a domain whose boundary is smooth pseudoconvex and of finite type 
2m, m G N near the origin. Let U be a tiny neighbourhood of the origin and p a smooth 
defining function on U such that U fl dD = {p = 0} and J^(0, 0) ^ 0. Then for each 
C G U H D, there exists a unique automorphism (jr of C 2 defined by 

(2m 
2i - Ci, (zz - c 2 - 5>(oc*i - d)') (AO) -1 

where <i'(C) are non-zero functions depending smoothly on £ with the property that the 
function po satisfies 

2m 

p o (^)-\ Wl , w 2 ) = 2^w 2 + J2Pi,d^^i) + KM 2m + 3to 2 ) 

1=2 

where P^(wi, iDi) are real- valued homogeneous polynomials of degree I without any har- 
monic terms. 

Let || ■ || be a fixed norm on the finite dimensional space of all real- valued polynomials 
on the complex plane with degree at most 2m that do not contain any harmonic terms. 
Define for some small 5 > 
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2<«<2m y WP^^Wi, U>1 

Let : C 2 — » C 2 be anisotropic dilations defined by 

A useful set for approximating the geometry of D near the origin is the Catlin's bidisc 
Q(C,8) determined by the quantities r(C, 6) where 

Q(C,S)= (Ajo/) _1 (Ax A). 

The proof of Theorem 11.41 also requires the following estimates on the Kobayashi metric 
near a weakly pseudoconvex boundary point of finite type. 

Proposition 4.1. Let D be a bounded domain in C 2 . Assume that dD is C°° -smooth 
weakly pseudoconvex of finite type near a point p° e dD. Given e > 0, there exist positive 
numbers r 2 < T\ < e and C such that the following inequality is true: 

d D (a,b)>-(l/2)logd(b,dD)-C, a e D \ B(p°, n), b e B(p°, r 2 ) fl D. 

Proof. By Theorem 1.1 of [3] there exists a neighbourhood U of p° in C 2 such that 

(4.1) FSM~ M • M 



T 



(z,d(z,dD)) d(z,dD) 
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for all z G UDD and v a tangent vector at z. As usual the decomposition v = vt + v^ into 
the tangential and normal components is taken at ir(z) G dD which is the closest point 
on dD to z and t(z, d(z, dD)) is as described above. Let 7 be an arbitrary piecewise C 1 - 
smooth curve in D joining a and b, i.e., 7(0) = a, 7(1) = b. As we travel along 7 starting 
from a, there is a last point a on the curve with a G dU fl D. Let j(t) = a and call a the 
subcurve of 7 with end-points b and a. Then cr is contained in a ^-neighbourhood of <9-D 
for some fixed uniform 5 > 0. Using (14. ip we get: 

F«(j(t),j(t))dt > [ F«(a(t),a(t))dt 



d(a(t),dD) 
The last integrand is seen to be at least 



> 1 1 \*m dt+f 1 1^(01 ^ 

^ ' r((7(t),d(t7(t),aD)) X d{a(t),dD) 

> z 1 . - (/) „ ,//. 



|log(d(a(t),9L>)) 1/2 
(see for example Lemma 4.1 of and hence 

F£( 7 (t),7(t))dt>-(l/2) \ogd(b,dD)-C 

for some uniform C > 0. Taking the infimum over all such 7 it follows that 

d D (a,b)> -{1/2) logd{b,dD)-C. 







□ 



Proposition 4.2. Let D be a bounded domain in C 2 . Assume that dD is C°° -smooth 
weakly pseudoconvex of finite type near two distinct boundary points a and 6°. Then for 
a suitable constant C , 

d D (a,b) > -(1/2) \ogd(a,dD) - (1/2) logd(6, 3D) - C 

whenever a,b G D , a is near a and b is near b°. 

Proof. Each path in D joining a and b must exit from neighbourhoods of a and b°. Hence 
the result follows from Proposition 14.11 □ 



Proof of Theorem \1.4\ ' Suppose that / does not extend continuously to any neighbourhood 
U\ of p° in D\. Then there exists a sequence of points -{V} C D\ converging to p° G dD\ 
such that the corresponding image sequence {/(s- 7 )} does not converge to the point q° G 
dD 2 . Note that by hypothesis, there exists a sequence {p 7 } C D\ converging to p° G dD\ 
such that the limit lim f(p^) = q°E dDi exists. 

j->oo 

Consider polygonal paths 7 J in D\ joining pi and s J defined as follows - for each j, 
choose pi°, s j0 G dD 1 closest to pP and s^ respectively. Set pp = pP — \pp — s^\n{pp°) 
and s- 7 = s- 7 — \p> — s J "|n(s J "°) where n(z) denotes the outward unit normal to dDi at 
z G dD\. Let 7 J be the union of three segments: the first one being the straight line path 
joining pP and pP along the inward normal to dD\ at the point pP°, the second one being a 
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straight line path joining p>' and s- 7 and finally the third path is taken to be the straight 
line path joining s- 7 and s J along the inward normal to the point s j0 . Then / o ji is a 
continuous path in D 2 joining f{jP) and f(s^). Now, for each j, pick w J G B(q°,e) D 
on trace (/ o 7 J ) for some e > sufficiently small. Let {P} C D t be such that f(P) = v? . 
Then G trace (7 J ) and hence t 7 — > p° as j — > 00 by construction. Moreover, the sequence 
f(P) = u j -> m° G C/ 2 n &D 2 , (u° ^ It follows from [6] that 

(4.2) d Dl (p\V) < -(1/2) log d^',^) + (1/2) log (d(p i ,dD l ) + \p> - t j \) 

+ (1/2) log (rf(t J , dD x ) + |^ - **|) - (1/2) logd(*»', 9Dx) + d 

and 

(4.3) ^(/(p*), /(*>)) > -(l/2)\ogd(f(pi),dD 2 ) - (l/2)\ogd(f(V),dD 2 )-C 2 
for all j large and uniform positive constants Ci and C2. 

Assertion: d(f(p j ),dD 2 ) < C 3 d(f,dD 2 ) and d(f(t j ),dD 2 ) < C 3 d(t j ,dD 2 ) for some 
uniform positive constant C3. 

Grant this for now. Now, using the fact do 1 ip^ , P) = d D2 (/(p 7 '), f(P)) and comparing the 
inequalities (14. 2 p and (14.31) . it follows from the assertion that for all j large 

-(d + d + logd) < (1/2) log (d(p>', + - + (1/2) log 9Dx) + - 
which is impossible. This contradiction proves the theorem. 

It remains to establish the assertion. For this, fix a G D\ and use Proposition 14.11 to infer 
that 

(4.4) do^, a) > -(1/2) logcV, dD x ) - C 4 
for some uniform positive constant C4. On the other hand, 

(4.5) d D2 (f < -(l/2)logd(d(f(p j ),dD 2 )+C 5 . 

for all j large and a uniform constant C5 > 0. Fixing a in D\, using (^(a,]? 7 ) = 
dD 2 {f(p j ),f( a )), an d comparing the inequalities (14. 4p and (14. 5p . we get the required 
estimates. Hence the assertion. Thus Theorem 11.41 is completely proven. □ 

The proof of Theorem 11.51 relies on the following lemma. 

Lemma 4.3. Let D be a Kobayashi hyperbolic domain in C n with a subdomain D' C D. 
Let p,q G D' , do{p,Q) = a and b > a. If D' satisfies the condition Bn(q, b) C D' , then 
the following two inequalities hold: 

d D '(p,q) < - — tji ?d D (p,q), 

tanh(o — a) 

The reader is referred to [14J (or [15J) for a proof, but it should be noted that this statement 
emphasizes an upper bound for dpi in terms of dp. An estimate with the inequality 
reversed is an immediate consequence of the definition of the Kobayashi metric. 

The second ingredient is an estimate for the Kobayashi and the Caratheodory inner dis- 
tance between two points in a weakly pseudoconvex finite type domain D in C 2 due to 
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Herbort ( [1 lj ) . To state this, let d(-,dD) be the Euclidean distance to the boundary and 
p a smooth defining function for dD. For a,b G D, define 

A d(a, b) \(L(a),a-b}\ 
PM) = bg [ 1+ d(a^D) + r(a,d(a,dD)) 

d'{a,b) = inf {5 > : a G Q(6,5)} 
d(a,b) = min {cf'(a, 6), |a — 
where (•, •) denotes the standard hermitian inner product in C 2 . 
The main result of HH that is needed is: 



Theorem 4.4. Assume that D = {p < 0} C C 2 be a bounded pseudoconvex domain 
with smooth boundary such that all boundary points are of finite type. Then there exists 
a positive constant C* such that for any two points a,b G D 

C*(p*(a,b)+p*(b,a)) <j D (a,b) <d D (a,b) < 1/C,(p*(a, b) + p*(b, a)). 

Proof of Theorem \l.3c Suppose that there exists a C°-isometry / : D\ — > D 2 with the 
property that: there exists a sequence {p 7 } C D\ converging to p° G dDi such that the 
corresponding image sequence {/(p- 7 )} C D<i converges to the point q° G dD 2 - The proof 
involves several steps. 

Step I: / extends continuously to a neighbourhood of p° in D 1 . This is immediate from 
Theorem 11.41 

Step II: Pick a sequence {a J } C D\ that converges normally to the origin, i.e, a- 7 = 
(0, —8j) where Sj > 0. It follows from Step I that the corresponding image sequence 
V = f{a?) — > q° G dD 2 as j — > oo. It will be useful to briefly describe the scaling 
of domains Di, D 2 and the corresponding model domains in terms of the base point p° 
(q° respectively) and the sequence {a- 7 } ({&} respectively). These will require some basic 
facts about the local geometry of the domain D\ in a small neighbourhood U± of p° G dD\ 
and that of a strongly pseudoconvex domain. 

Scaling the domain Di with respect to {a J }: 

Let A- 7 : C 2 — > C 2 be a sequence of dilations defined by 
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Then the domains D{ = A^(Di) converge in the Hausdorff metric to 

£>i,oc = Uzi,z 2 ) G C 2 : 2$tz 2 + \ Zl \ 2m < 0}. 

We claim that d D ^ ((0, — 1), •) —> dD 1>oa ((0, — 1), •) uniformly on compacts of -Di j00 - This 
was done in [22] and we include it here for completeness. First, it is natural to prove 
convergence at the infinitesimal level: 



2 



14 PRACHI MAHAJAN 

Lemma 4.5. For (s,v) G D 1)(X> x C 2 , 

IimF5( a ,i;)=F J g; oo ( S ,T;). 

j— s-oo ^i • 

Moreover, the convergence is uniform on compact sets of Di t00 x C 

Proof. Let S C Di t00 and G C C 2 be compact and suppose that the desired convergence 
does not occur. Then there is a e > such that after passing to a subsequence, if 
necessary, we may assume that there exists a sequence of points {s 3 } C S which is 
relatively compact in D[ and a sequence {v 3 } C G such that 

\F^(s 3 ,v 3 )-F^Js 3 ,v 3 )\>e 

for j large. Additionally, s J ' — > s G 5 and tiM « G G as j 4 oo. Since F^ (s,-) 
is homogeneous, we may assume that = 1 for all j. Observe that D l oo is complete 
hyperbolic and hence taut. The tautness of D\ t00 implies via a normal family argument 
that F^ (•, •) is jointly continuous, < Fp ^ (s, v) < oo and there exists a holomorphic 
extremal disc g : A — > D l oo that by definition satisfies g(0) = s,g'(0) = fiv where /i > 
and Fp iao (s,v) — Hence 

(4-6) \F^{s 3 ,v 3 )-F^J S ,v)\>e /2 

for j sufficiently large. Fix 5 G (0, 1) and define the holomorphic mappings g° : A — > C 2 
by 

gi( z ) =g((l- 5)z) + (s 3 -s)+ /i(l - S)z(v J - u). 

Since the image g((l — S)A) is compactly contained in Di i00 and s- 7 — >■ s,f J — » t> as 
j — > oo, it follows that g- 7 : A — >■ Z>( for j large. Also, ^(O) = g(0) + s 3 — s — s 3 and 
(^)'(O) = (l-5)g'(0)+/i(l-5)(v 3 -v) = /i(l-5)v 3 . By the definition of the infinitesimal 
metric it follows that 

«■ ■ ■ 1 F % (s,v) 

F K (s 3 v 3 ) < - = ' 

Letting 5 — > + yields 

(4.7) limsupF£(sV) < *£ >00 M- 

Conversely, fix e > arbitrarily small. By definition, there are holomorphic mappings 
h 3 : A ->■ D{ satisfying h 3 \0) = s j and (/i j )'(0) = fi j where p? > and 

1 

The sequence has a subsequence that converges to a holomorphic mapping /i : A — > 
Di tOQ uniformly on compact sets of A. To see this, consider A(0,r) for r G (0, 1). Now, 
<f) pi> = 0(°>°) = id C 2 and r(p°,5j) = r((0, 0), 5j) ~ (Sj) 1 / 2 " 1 . Further, we may assume that 
S is compactly contained in A(0,C^ 2m ) x A(0, C\) for some C\ > 1. As a consequence 

(A^'rv^Qb ,^). 

for all j. Also, note that 

(a j ')"V) g ad 



(4.8) F ^.( s ^^)> e 
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as j — > oo. Now, applying Proposition 1 in [1] to the mappings 

(A 3 )' 1 oh j :A^D 1 

shows that there exists a uniform positive constant C 2 = C 2 (r) with the property that 

(A^)-W(A(0,r)) C^;,^^) 

or equivalently that 

/i J (A(0,r)) C A (0, (C 1 C 2 ) 1/2m ) xA(0,dC 2 ). 

Therefore, {&} is a normal family Hence, the sequence {h?} has a subsequence that 
converges uniformly on compact sets of A to a holomorphic mapping h : A — > C 2 or 
h = 00. The latter cannot be true since h(0) = s. It remains to show that h : A — > -Di j00 . 
For this note that D{ are defined in a neighbourhood of the origin by 

25^z 2 + 5;N 2m + o{5 j \z 1 \ 2m + 5fiz 2 ) < 0. 

Thus, for w G A(0, r) and r G (0, 1) 

2M(hi{w)) + \h{(w)\ 2m + (5 3 \h{(w)\ 2m + 5^(hi(w))) < 0. 

Letting j — > 00 yields 

2U(h 2 (w)) + |/nH| 2m < 

or equivalently that /i(A(0,r)) C -Di j0 o- Since r G (0,1) was arbitrary, it follows that 
h(A) C -Di,oo- Since h(0, 0) = s the maximum principle forces that h : A — ^ -Di j00 . Note 
that 

fi'(0) = lim(/i j )'(0) = lim //V = piv 

for some fi > 0. It follows from the definition of the infinitesimal metric that 

F^Js,v)<l/ti. 



The above observation together with (" 14 . 8 [) yields 




Combining (14 .7p and (14. 9[) shows that 

Jim J$(*V) = 

7->00 ^1 ' 



which contradicts the assumption H4.6I) and proves the lemma. □ 

To control the integrated Kobayashi distance on domains D{, we first note the following: 

Lemma 4.6. Let D C C n 6e a bounded domain and p° G dD be a local holomorphic 
peak point. Then for any fixed R > and every neighbourhood U of p° there exists a 
neighbourhood V C U of p° with V relatively compact in U such that for all z G V n D , 
we have 

B D {z,cR) C B UnD {z,R) C B D (z,R) 
where c > is a constant independent of z EV fl D. 
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Proof. Let U be a neighbourhood of p° and g G A(U fl D), the algebra of continuous 
functions on the closure of UC\D that are holomorphic on UDD, such that g(p°) = 1 and 
\g{p)\ <lforpG£/n/} \ {p }. Fix e > 0. Then there exists a neighbourhood V\ C U of 
p° such that 

*£(*,!;) < F^ nD (z,^) < (1 + e)f#(z,t;) 
for z G Vi fl D and t> a tangent vector at z. This is possible by the localisation property 
of the Kobayashi metric (see for example Lemma 2 in [26] or [8]). 

The first inequality evidently implies that B UnD (z, R) C B D (z, R) for all z G V± fl D and 
all R > 0. For the lower estimate the following observation will be needed. For every 
R > there is a neighbourhood V C V\ of p° with the property that if z G V fl -D then 
Budd(z, R) C Vi fl .D. For this it suffices to show that 



lim dunoiz, (U C\ D)\V 1 n D) = +oo. 

2— >p° 



Indeed for every p G (Z7 D -D) \ Vi D D, 

dunD(z,p) > d A (g(z),g(p)) -+ +oo 



as z — > p° since g(p°) = 1 and \g\ < 1 on (U D D) \ V± f) D . This proves the claim. 
Now for a given R > let V be a sufficiently small neighbourhood of p° so that 

B UnD (z,R)cV 1 nD 

if z G V fl D. Pick p G -D in the complement of the closure of Bu n o{z, R) and let 
7 : [0, 1] — > D be a different iable path with 7(0) = z and 7(1) = p. Then there is a 
to G (0, 1) such that 7QO, to)) C Buhd(z, R) and 7 (to) £ dBu n i)(z, R). Hence 

F^(j(t),j(t))dt > r F«(j(t),j(t))dt 

./o 

> 1/(1 + 6) [° F« nD (y(t),y(t))dt 

Jo 

> l/(l + e) d UnD (z, 1 (to)) = R/(l + e) 
which implies that dr>(z,p) > R/(l + e). In other words, 

B D (z,R/{2{l + e))) C B UnD (z,R) 
if 2 G V PI -D. Finally observe that 

fi D (^,i?/(2(l + e))) C B UnD {z,R) C 5 D (z ;J R) 
for all 2 G V D £>. □ 

Lemma 4.7. For all R > and for all j large, B D , ((0, — 1), R) is compactly contained 
in D 1>00 . 

Proof. First note that 

B Di ((0,-l),R) = ^(B Dl (a j ,R)). 

Since p° G dDi is a local holomorphic peak point, by lemma H~6| we see that there exists 
a neighbourhood V C U% of p° with V^ relatively compact in £/i and a uniform positive 
constant c such that for all z G V fl .Di , 

B Dl (z,cR) C B UinDl (z,R) C B Dl (z,R) 
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and therefore it will suffice to show that A J [Bu^Di (oP, R)) is compactly contained in 
Di j00 . The proof now divides into two parts. In the first part we show that the sets 
A J (Bu in £) 1 {a? , R)) cannot accumulate at the point at infinity in dD\ )00 and in the second 
part we show that the sets -B d j((0, —1),R) do not cluster at any finite boundary point. 

Assume that p G Bjj^dA^ i R)- Using Herbort's lower estimate for the Kobayashi metric 
gives us 

C* (p*(a J ,p) +p*(p,a J )) < du^D^a? \p). 

As a consequence 

d(a j ,p) < exp(R/C^)d(a j ,dD 1 ) 

which in turn implies that 

• either |a J — p\ < d{a?\ dDi) exp(i?/C*) or 

• for each j, there exists a 8j G (0, d(a^ , dDi) exp(i?/C*)) such that a- 7 G Q(p, 8j). 
It follows from Proposition 1.7 in [5] that there exists a uniform positive constant C such 
that for each j, the following holds: if a- 7 G Q(p,5j), then p G Q(a :i , C5j). Hence, the 
second statement above can be rewritten as: there exists a positive constant C such that 
for each j, there exists a 5j G (0, d(a^ , dDi) exp(_R/C*)) with the property that 

p G (0 aJ r 1 (A(O,r(a J ',L75 J )) x A(0, C8 5 ) Y 

Said differently, B UinDl (a :i , R) is contained in the union 

B UinDl (a j ,R) C B[a? ,d{a? ,dD{)^{R/cS) U (0 a O^ (A(0, r^', C^)) x A(0, Ctf,- 
with 5j as described above. Now, 

A J {(zi,z 2 ) G C 2 : \z x - a{\ 2 + \z 2 - 4\ 2 < (d(a j , dD,)) 2 exp(2R/C*)} = 



( 4 - 10 ) (K^) : N +^rfe l^a + il < ^ 

If u; = (wi,w 2 ) belongs to the set described above, then 

(4.1!) H < ^^W.)ex P (fi/C.) = ^ex P (fi/C.) 

(4.12) 1^ + 11 < ^^^Qexp^/Q ^^ 

Moreover, for 5j G (0, d(a>, &Di) exp(i2/C*)), 

ta '')- 1 {(zi,Z2) e C 2 : |zi| < t(c?,C8j), |z 2 | < C5^ = 



(wi,W2) '■ \wi — a{\ < r{a?\ C5j), 
so that 



2m 



U7 2 — a 2 — d l (a-')(wi — a{] 
i=i 

A j o (0 aJ )- 1 ('A(O,r(a J ,^)) x A(0, CSj) 



< C5jd°{a?) 
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(4.13) 



w : \wi\ < 



T{a?,C5j) 

rl/2m 
5 3 
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2m 



W 2 



1=1 



< Cd°(a j ] 



If w = (wi, w 2 ) belongs to the set given by (I4.13p . then 
(4.14) 



wi\ < and 



S 



l/2m 



(4.15) 



11 '2 



2m 

+ l + 5,- 1 (^rf'(^)5fV) 
i=i 



< Cd°(a j ) 



Among other things, it was shown in [5] that 

• 5/ /2 <^',^)<^ 1/2m 

• \d l (a j )\ < djiria^dj))- 1 for all 1 < I < 2m 

• d°(ai) « 1. 

These estimates together with (14. lip . ( I4.12p . f)4.14p and (I4.15P show that if w = (wi,w 2 ) 
belongs to either of f l4.10p or (I4.13p . then \w\ is uniformly bounded. In other words, the 
sets 

A j (5(aV(a^ <9Di) exp(i?/C*))) |JA J ' ({(f^)' 1 (A(0, r{a J , CSj)) x A(0, CS 5 )) 

are uniformly bounded. Therefore, A J ' (Bjj^D^ai , R)) and consequently B D j((0, — l),i?) 
as a set cannot cluster at the point at infinity on <9_D loo . 

It remains to show that the sets B D ^ ((0, — 1), i?) do not cluster at any finite point of 

dDi oa. Suppose there exists a sequence of points {z^},z^ G B D j ((0, — 1), R) such that 

z- 7 — > z° as j — > oo where z° is a finite point on dDi t00 . Applying Theorem 1.1 of [3], we 
see that there exists a neighbourhood U of z° in C 2 such that 



(4.16) 



\Vt\ 



+ 



\vn\ 



T 



(z,d(z,dD{)) d(z,dD{ 



uniformly for all j large, z G U fl Di j00 and t> a tangent vector at z - this stable version 
holds since the defining functions for D{ converge to that of D\ )00 in the C°°-topology on 
a given compact set. Here the decomposition v = vt +fjv into the tangential and normal 
components is taken at tt^(z) G dD{ which is closest point on dD{ to z. Note that 

d{z,dD{)nd{z,dD 1>00 ) 

for z G U fl -Di )00 and that 7r J '(£) — >■ 7r(z) G dDi tOQ where |7r(z) — z| = d(z,dDi j00 ). 
Let 7 J be an arbitrary piecewise C 1 -smooth curve in D{ joining z° and (0,-1), i.e., 
7 J (0) = (0, — 1), 7' J (1) = zK As we travel along 7 J starting from (0,-1), there is a last 
point a- 7 on the curve with a- 7 G dU fl .Dj. Let 7 J (£j) = a- 7 and call a- 7 the subcurve of 7 J 
with end-points z- 7 and a- 7 . Then cr- 7 is contained in an e-neighbourhood of dD{ for some 
fixed uniform e > and for all j large. Arguing as in the proof of Proposition 14.11 and 
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using (I4.16P we get: 

F«(^(t),f(t))dt > f F*,(oS(t),dS(t))dt 



1 W 



> , r^w, dt , rivwi dt 

T(ai{t),d{ai{t),dD{)) J tj d{ai{t),dD{) 

> I . dt. 



d(ai(t),dD{) 

As before the last integrand turns out to be at least 

| log (d(ai(t),dD{)) 1/2 

and consequently 

r F* (^(t),f(t))dt > -(1/2) logd(z j , dD{) + C 

for some uniform C > 0. Taking the infimum over all such 7 J it follows that 

d D{ {z\ (0, -1)) > -(1/2) logd(^, dD{) + C. 

This is however a contradiction since the left side is at most R while the right side becomes 
unbounded. This completes the proof of the lemma. □ 

Proposition 4.8. 

lim M(0,-1),-) =^((0,-1),-). 

Moreover, the convergence is uniform on compact sets of -D l oo . 

Proof. Let K be a compact subdomain of -Di j00 and suppose that the desired convergence 
does not occur. Then there exists a e > and a sequence of points {z- 7 } C K which is 
relatively compact in D\ for all j large such that 

|d^((0, -1), z j ) - d Dl>oa ((0, -1), t?) I > eo. 

By passing to a subsequence, we may assume that z° & K &s j oo. Then using 

the continuity of do loa (z , •) we have 

\d D{ ((0, -1), - d Dl>00 ((0, -1), z°) | > e /2 

for all j large. Fix e > and let 7 : [0, 1] — > D l oo be a path such that 7(0) = 
(0,-1), 7(1) =z° and 

f F* ^ ( 7 (f), 7(*))* < ^ ((0, -1), z°) + 6/2. 
Jo 

Define 7 J ' : [0, 1] ->• C 2 by 

= 7 (f) + - z °)t. 

Since the image 7([0, 1]) is compactly contained in D loo and z^ — > z° e as j — > 00, 
it follows that 7^ : [0,1] — > D[ for j large. In addition, 7 J (0) = 7(0) = (0,-1) and 
7 J '(1) = 7(1) + zi — z° = zK By Lemma [4.51 we see that F^(-, ■) — > F^ oo (-, •) uniformly 
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on compact sets of -D ljOC x C 2 . Also, note that 7 J — >■ 7 and 7 jf — > 7 uniformly on [0, 1]. 
Therefore for j large, we obtain 

/ F« (y (t), V (t))A < / . ( 7 (t), 7(*))* + e/2 < ^ ((0, -1), z°) + e. 
By definition of d D j ((0, —1), z- 7 ) it follows that 

^((0,-1),^) < [ F«(ji(t),f(t))dt<d Dhoa ((0,-l),z°)+e. 

1 /n 1 



Thus 

(4.17) hmsuprf Di ((0,-l),^) < d Dl>oo ((0,-l),z ). 

To establish lower semi-continuity, we intend to use Lemma H~3l First note that the upper 
semi-continuity of the integrated Kobayashi distance yields 

B DltOO ((0,-l),R-e) cB^((0,-l),i2) 

for all R > and for all j large. The Kobayashi completeness of D\ )00 implies that 

00 

D hoo = \jB Dhoc {(0,-l),u), 

i.e., -D l oo can be exhausted by an increasing union of relatively compact subdomains 
Bn ltx> ((0, —1), v). As a result, there exist uniform positive constants u° and R depending 
only on K such that 

K C B Dl:OB ((0, -1), v°) C B D{ ((0, -1), R) 
for all j large. By Lemma 14.71 

where i?' > is chosen such that R' 3> 2i?. Now, apply Lemma [4.31 to the domain D{. 
Let the Kobayashi metric ball B D ^ ((0, —1), R') play the role of the subdomain D' . Then 

^((0,-1),^') 
%((o,-i),i^ (0 ' _l) '^ " tanh(i?'/2-^((0,-l),^))' 

Since z J G B D j ((0, — 1), i?) for all j large and the function x — > tanhx is increasing on 
[0, 00), it follows that 

^,((0,-1),^) < M y ; ■ 

tanh ( fl'/2 - Rj 

Letting R! — > 00 yields 

A d D i((0,-l),^) 

<Koo((0,-l),O< lV \_ £ 

for all j large. Again exploiting the continuity of dD ltOC (-, •) and ( 14.171) . we see that 

(4.18) d Dl:00 ((0, -1), 2!°) < d D{ ((0, -1), **) + Ce 
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for all j large. Combining the estimates (14.171) and (I4.18p . we get 

lim d Di ((0, -1), z 3 ) = d Dl „ ((0, -1), z°) . 

This is a contradiction and hence the result follows. □ 

Scaling the domain D 2 with respect to {b 3 }: 

The following lemma in [21] will be useful in our situation. 

Lemma 4.9. Let D be a strongly pseudoconvex domain, p a defining function for dD 
and p G dD. Then there exists a neighbourhood U of p and a family of biholomorphic 
mappings : C n — > C n depending continuously on ( G U PI 3D that satisfy the following: 

(i) /,,«) = 0. 

(ii) The defining function Pc_ = P° 1 of the domain D^ := h^(D) has the form 

p c {z) = 2^(z n + K c {z)) + H c (z) + a c {z) 

n n 

where K^(z) = / ] ajj(C)zjZj, H((z) = bij(()ziZj and cx^(z) = o(|;z| 2 ) with 

i,j=l M=l 

K c ('z, 0) = and H ( ('z, 0) = \'z\ 2 . 

(iii) The mapping takes the real normal to dD at ( to the real normal {'z = y n = 0} 
to dD^ at the origin. 

Here, z G C n is written as z = ('z, z n ) G C n_1 x C. 

To apply this lemma, choose points ( 3 G dD2, closest to b 3 . For j large, the choice of ( 3 
is unique since dD2 is sufficiently smooth. Moreover, (i — > q° and b 3 ' — > q° as j — > 00. Let 
h? := h(p be the biholomorphisms provided by the lemma above. We observe that for j 
large, hP{V) = (0, — 6j). Let T 3 : C n — > C n be the anisotropic dilation map given by 



T j ( Zl ,z 2 ) = 




and let D 3 2 = T 3 o h 3 (D 2 ). Note that T 3 o h 3 (V) = (0, —1) and the sequence of domains 
{D 3 2 } converges in the Hausdorff metric to the unbounded realization of the unit ball, 
namely to 

£2,00 = {z = (zi, z 2 ) G C 2 : 2^ 2 + \ Zl \ 2 < 0}. 

It is natural to investigate the behaviour of d D j(z, •) as j — > 00. To do this, we use ideas 
from [28]. 

Proposition 4.10. Let x° G D 2oo . Then d DJ (x°, ■) — > drj 2oo {x°, ■) uniformly on compact 
sets of '£> 2 ,oo- 

Proof. Let K C -D2,oo be compact and suppose that the desired convergence does not 
occur. Then there exists a eo > and a sequence of points {z 3 } C K which is relatively 
compact in D 2 for j large such that 

\d D ^(x°,z 3 ) - d D2oo (x ,z 3 )\ > e 
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for all j large. By passing to a subsequence, assume that z 3 — > z° E K as j — > oo. Since 
c?£) 2 oo (x , ■) is continuous, it follows that 

(4.19) \d Di (x°,zi) -d D2 ^(x°,z°)\ > e /2 

for all j large. The upper semicontinuity of the distance function follows exactly as in 
Proposition 14.81 Fix e > and let 7 : [0, 1] — > D 2oo be a path such that 7(0) = x°, 7(1) = 
z° and 

/ F« 2 _ ( 7 (t), 7 (t))dt < (z°, z°) + e/2. 
Define 7 J ' : [0, 1] C 2 by 

7 J W=7W + (^-^°K 
Since the image 7QO, 1]) is compactly contained in D 2oo and z 3 — > 2; e as j — >■ 00, 
it follows that 7 J : [0, 1] — )■ -D2 f° r J large. In addition, 7 J (0) = 7(0) = x° and 7 J (1) = 
'-/(I) + z 3 — z° = z 3 . It is already known that F^(-, ■) — >■ i 7 ^ (-, •) uniformly on compact 

sets of -D 2i oo x C 2 (see [28J). Also, note that j 3 — )■ 7 and 7 J — >■ 7 uniformly on [0,1]. 
Therefore for j large, we obtain 

/ (y (t), V (t))cft < / *g ^ ( T (t), j(t))dt + e/2 < rf D2iOO (x , z°) + e. 
Jo 2 Jo 

By definition of d D i (x° , z 3 ) it follows that 

d D Ax\z 3 ) < [ l F«( 7 i(t),f(t))dt < d D ^(x ,z°) + e. 



Thus 

(4.20) limsup^(x ,^') < d D2ao (x°,z°) 



Conversely, since K U {x } is a compact subset of D 2}00 , it follows that .K" U {a; } is 
compactly contained D 2 for all j large. Fix e > and let V C U 2 be sufficiently small 
neighbourhoods of q° G <9-D 2 with V compactly contained in U 2 so that 

(4-21) FX(z,v)<F* nD2 (z,v) < (l + e)F*(z,v) 

for z £ V (~) D 2 and t> a tangent vector at z. If j is sufficiently large, {T 3 o ft,- 7 ) 1 (x°) and 
(T J o h 3 )~ (z 3 ) belong to F n £> 2 . If t/ 2 is small enough, U 2 D -D 2 is strictly convex and it 
follows from Lempert's work [18 J that there exist m 3 - > 1 and holomorphic mappings 

<\? : A(0,77lj-) 4(/ 2 nD 2 
such that J '(O) = (T- 7 o ^) _1 (x°), J '(1) = (T J o h 3 'y\z 3 ) and 

dc/.nD, (V o h 3 Y\x°), (T 3 o tf)~V)) = d A(0)m ,)(0, 1) 



(4-22) = / F^ D2 {^{t)^{t))dt. 

Jo 

By Proposition 3 of [30], it follows that 

du 2 nD 2 {{T 3 o h 3 y\x°), (T 3 o h 3 T\z 3 )) < (1 + e)d D2 o h 3 )~\x°), (T 3 o ^)~ V)) 
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for all j large. Since T J o h? are biholomorphisms and hence Kobayashi isometries, 

(4.23) d T i oh i iU2nD2) (x°, 2P) < (1 + e)d Di (x°, z j ). 
Now ffl~22l shows that 

= d T j oh j (p 2 nD2 )(x°,z j ) 
< (l + e)d Di (x°,z j ). 

However from (I4.2Q[) we have that 

d Di (x°,z j ) < d D2x (x°,z°) + e< oo 

and hence rrij > 1 + 5 for some uniform 5 > for all j large. Thus the holomorphic 
mappings = T J o h? o ; A(0, 1 + 6) —> T J o h?(\J 2 fl D 2 ) C D 2 are well-defined and 
satisfy cr J '(0) = x° and cr J (l) = zK 

We claim that {cr 7 } admits a subsequence that converges uniformly on compact sets of 
A(0, 1 + 5) to a holomorphic mapping a : A(0, 1 + 8) — > D 2tOQ . Indeed consider the disc 
A(0,r) of radius r G (0, 1 + 5). Observe that (T j oh^oa^O) '= 0(0) = (TW)- 1 ^ ) -> 
g° G <9-D 2 as j — )■ oo. Let W be a sufficiently small neighbourhood of g°. Since g° G dD 2 
is a local peak point, it follows that (T- 7 o h^)^ 1 o cr 7 (A(0, r)) <Z W (1 D 2 for all j large. If 
W is small enough, there exists R > 1 such that for all j large 

h j (W n ,D 2 ) C {z G C 2 : |^| 2 + \z 2 + R\ 2 < R 2 } C Q 

where 

fi = [z G C 2 : 2fl(9fcz 2 ) + |zi| 2 < 0}. 

Note that Oo is invariant under T- 7 and Qq is biholomorphically equivalent to B 2 . Hence 
a J '(A(0,r)) C T j o ^'(W fl L> 2 ) C O for all j large. If = (a{(z) , a 3 2 \z)) for each j, 

this exactly means that 

2R(to(4(z))) + \a{(z)\ 2 < 

whenever 2; G A(0,r). It follows that {<J 2 (z)} and hence {crj(z)} forms a normal family 
on A(0, r). Since r G (0,1 + 5) was arbitrary, the usual diagonal subsequence yields a 
holomorphic mapping a : A(0, 1 + 5) — > C 2 or a = 00 on A(0, 1 + 5). The latter is not 
possible since cr(0) = x°. 

It remains to show that o : A(0, 1 + 5) — > D 2 oo . Following [23], note that D 2 are defined 
by 

pP{z) = 2 $tz 2 + \ Zl \ 2 + A j (z) 

where 

^^^^(c^ + vieM 2 )) 
and ^(t) is a function of one real variable such that r](t) = o(l) as t — > 0. Thus for 
z G A(0,r) and r G (0, 1 + 5), 

(4.24) 2n(4(z)) + \a{(z)\ 2 + A 3 (a 3 (z)) < 
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where 

|AVW)l<l^)l 2 (cv^+^-l^)l 2 ))- 

Letting j — > oo in f !4.24p yields 

2ft(<7 2 (z)) + ki(^)| 2 <0 

for z G A(0,r) or equivalently that a(A(0,r)) C D 2 ,oo- Since r G (0, 1 + 5) was arbitrary, 
it follows that a(A(0, 1 + 5)) C D 2 ,oo- Since cx(0) = x°, the maximum principle shows 
that o-(A(0, 1 + 8)) C £2,00 . Using flOTj) and fl^22]) . we get 

[ F«(ai(t),&i(t))dt < I F£ty(t),&(t))dt 
Jo 2 Jo 



Jo 

= d T j oh j( U2nD2 )(x°,z j ) 

Since <ji — > a and & — )■ d uniformly on [0, 1], again exploiting the uniform convergence 
of F^j(-, •) — > F£ (•, •) on compact sets of ^2,00 x C 2 , we see that 



f F* ^ (a(t), a(t))dt < I F« {^(t), d*(t))dt + e < d^ 
Jo 2 2 



X 



for all j large. Finally, observe that er|[o,i] i s a differentiable path in -D 2j00 joining x° and 
z°. Hence by definition 



(4.25) d D2 (x°,z°)< 



J F^ 2oc (a(t),a(t))dt < d Di (x°,z>) + Ce 



Combining (I4.20p and (14. 25ft shows that 

lim d D j(x°, z 3 ) = d D2oo (x°, z°) 

j—>oo 2 

which contradicts the assumption (14.191) and proves the required result. □ 
Proposition 4.11. Fix x° G -D2,oo and R > 0. Then 

B d{ {x\R)^B d%oo {x\R) 

in the Hausdorff sense. Moreover, for any e > and for all j large 

(i) B D2 ^(x°,R)cB Di (x° 1 R + e), 

(ii) B Di (x ,R-e)cB D2 ^(x°,R). 

Proof. Let K C Bd 2 x (x°, R) be compact. Then K is a relatively compact subset of D J 2 for 
all j large and there exists a positive constant c = c(K) G (0, R) such that djj 2 ^(x , z) < c 
for all z G K. Pick c G (c,R). It follows from Proposition 14.101 that 

d D ^ (x°, z) < d D2oo (x°, z) + c - c 
for all z in K and for all j large. Therefore 

d D j(x°, z) <c< R 



ON ISOMETRIES OF THE KOBAYASHI AND CARATHEODORY METRICS 25 

for all z G if and for all j large. This is just the assertion that if is compactly contained 
in B d j(x°,R) for all j large. Conversely, let if C C 2 be a compact set such that if is 

compactly contained in B D j(x°,R) for all j large. Then if is relatively compact subset 

of -D 2)0 o- Additionally, there exists a positive constant c = c(if) G (0, R) such that 
(ipj ' (a; , z) < c for all z E K and for all j large. Pick c G (c,R). Again applying 
Proposition 14.101 we see that 

dD 2>00 (x°, z) < d D ^ z) +c — c 

for all z G if and all j large. Thus for all z G if , we obtain 

^.oo^ )^) <c< R 

or equivalently if is compactly contained in Bd 2 oo (x° , R). This shows that the sequence 
of domains {B D j(x°, i?)} converges in the Hausdorff metric to Bc 2oo (x°, R). 

To verify (i), first observe that the closure of B D2 }ao (x°, R) is compact since D 2t00 is 
Kobayashi complete. Then using Proposition 14. 10} we get that 

d D j 2 (x°,z) < d D2oo (x°,z) + e 

for all z in the closure of Bd 2oc (x°, R) and for all j large. Said differently, 

B D2 ^x ,R)cB Di (x°,R + e) 

for all j large. 

For (ii) suppose that the desired result is not true. Then there exists a eo > and a 
sequence of points {a 1 } C dB D2 oo (x°, R) such that a 1 G B D i(x°,R — e ). In view of 
compactness of dB D2 ^(x , R), we may assume that a 1 — > a G dB D2 oo (x°, R) as / — > oo. 
It follows from Proposition 14.101 that 

d D i 2 (a l ,x°) d D2ao (a,x°) 

as / — > oo. Consequently, dD 2 , 00 ( a , x°) < R — e . This violates the fact that dD 2tao (a,x°) = 
R thereby proving (ii). □ 

Now, consider the composition 

p = T j oh j ofo (A- 7 ) -1 : D{ D{ 

Then / J '(0, —1) = (0, —1) for all j. Note that fi is also an isometry for the Kobayashi 
distances on D\ and D\. 

Step III: Let {if,} be an increasing sequence of relatively compact subsets of Di t00 that 
exhausts i?i j0O - Fix a pair if^ compactly contained in if, 0+ i such that (0, —1) G K UQ and 
write ifi = if„ and if 2 = K VQ+ \ for brevity. Let cu(ifi) be a neighbourhood of ifi such 
that uj(Ki) C K 2 . Since {D{} converges to -Di )00 , it follows that ifi C w(ifi) C K 2 which 
in turn is relatively compact in D{ for all j large. We show that the sequence is 
equicontinuous at each point of w(ifi). 

Since each fi is an Kobayashi isometry, we have that 
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for all j and x, y in K 2 . In particular, 

d Di {r(x),(o,-i))=d D{ (x, (0,-1)) 

for all x in i^ 2 - Now, since 

^(•,(0,-1)) ^^(-,(0,-1)) 
uniformly on K 2 which is compactly contained in -Di j00 . Therefore, given e > 

d Di {f J (x), (0, -1)) = d Di (x, (0, -1)) < d Dl>ao (x, (0, -1)) + e < R 
for some Ro > 0, for all x G K 2 and j large. This is just the assertion that 

{f\K 2 )}GB Di ((0,-l),R ). 
Further, from Proposition 14.111 we have 

B Di ((0, -1), Ro) C B D2 ^ ((0, -1), Ro + e) 

for all j large. It follows that {fi(K 2 )} is uniformly bounded. 

Now, choose R 3> 4i?o and let If be a sufficiently small neighbourhood of q° G dD 2 . 
Observe that 

(T'otf) -1 \B D2oo ((0,-1), R + e)j cWCiD 2 
for all j large. If W is small enough, there exists R' > 1 such that for all j large 
D D 2 ) C {z = (zi, 22) G C 2 : |^| 2 + |z 2 + i?'| 2 < R' 2 } C fi 

where 

fi = L G C 2 : 2R'($tz 2 ) + \ Zl \ 2 < 0}. 
Note that Qq is invariant under T J and f2o is biholomorphically equivalent to B 2 . Hence 
Bd 2 , x ((0, -1), R + e) C T J o n £> 2 ) C fi 

and consequently 

(4.26) ^(FWJHv)) <d BB ^ ( ^ R+t) (!>(x)J>(y)) <d B ^_ l)R) (f'(x),f(v)) 

for all x, y in K 2 and for all j large. Now, apply Lemma \A. 31 to the domain D 2 and argue 
as in the proof of Proposition 14.81 Let the Kobayashi metric ball B d j ((0, — 1), R) play 
the role of the subdomain D'. Then 



d 



d D Ap{x),p{y)) 



B 4^'- L) ^ " tanh[R-d Di (p(x),P(y)) 
Since {fi(K 2 )} C B Dl ((0, —1), i?o) and x — >■ tanhx is increasing on [0, 00), it follows that 

d D ,(f'(x),f'(y)) 



(4.27) is^^^m 



D ,v / ~ tanlif/,' - 2/i > ) 
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Moreover, for each x G oj{Ki) fixed, there exists a r > such that B(x,r) is compactly 
contained in u(Ki). The distance decreasing property of the Kobayashi metric together 
with its explicit form on B(x,r) gives 

(4.28) d Di (f j (x),f j (y)) = d D{ {x,y) < d B{x>r) (x,y) < \x-y\/c 

for all j large, y G B(x, r) and a uniform constant c > 0. 
Combining (|£26)» . ffi~T7h and fTOSl . we see that 



dn {f J (x)J J (y)) < 2 — — — < 



F - 1/1 



tanh(i? — 2i?o) ctanh.Ro 

Now, using the fact that Qq ^ B 2 and the explicit form of the metric on B 2 gives 

\f 3 (x) - f J (y)\ <\x-y\ 

for y G B(x,r). This shows that {/■?} is equicontinuous at each point of co(Ki). The 
diagonal subsequence still denoted by the same symbols then converges uniformly on 
compact subsets of Di }00 to a limit mapping / : D\ t00 — > D 2oo which is continuous. 

Step IV: We now show that d Dloo (x,y) = c£d 2oo (f(x), f(y)) for all x,y G O x where 
fix = {2 G -D l oo : f(z) G -D 2)0 o}- Note that (0, —1) G Oi and hence f2i is non-empty. It 
is already known that 

= d D ^{f J (x),f(y)) 

for all j. First note that d D j(x,y) — > c?^ ^(x, as j — > 00 as can be seen from the 
arguments presented in Proposition 14.81 (cf. Lemma 5.7 of [22])- It remains to show that 
the right side above converges to d D ^(f(x), f(y)) as j — > 00. For this observe that 

\d Di {f(x),f j (y)) -d Di (f(x)J(y)) I < d Di (f(x),f(x))+d Di (f(y),f(y)) 

by the triangle inequality. Since f^(x) —> f(x) and the domains D 3 2 converge to D 2)0 o, it 
follows that there is a small ball B(f(x), r) around f(x) which contains f^(x) for all large 
j and which is contained in D J 2 for all large j, where r > is independent of j. Thus 

d Di {p(x)j~(x))<\r(x)-f(x)\. 

The same argument works for showing that d D j(^f(y),p(y) > j is small. So to verify the 

claim, it is enough to prove that d D j (f(x), f(y)) converges to dD 2 , oa {f( x ), f{y))- But this 
is immediate from Proposition 14.101 

Step V: The limit map / is a surjection onto D 2y0 o- Firstly, we need to show that 
/(-Di.oo) C D 2 oo . Indeed, fli = Di t00 . If s° G dQ± nDi |00 , choose a sequence s J G fii that 
converges to s°. It follows from Step IV that 

^,.(^(0,-1)) = ^,. (/(«*), (0,-1)) 

for all j. Since s° G <9fii, the sequence {/(s J )} converges to a point on dD 2 oo and as -D 2i oo 
is complete in the Kobayashi distance, the right hand side above becomes unbounded. 
However, the left hand side remains bounded again because of completeness of Di i0O . 
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This contradiction shows that Q± = Di t00 which exactly means that /(-Di )00 ) C D 2oo . The 
above observation coupled with Step IV forces that 

dD hx (x,y) = d D2oc (f{x),f{y)) 

for all x, y G D 1qo . To establish the surjectivity of /, consider any point u° G d(f(Di iOQ )) n 
D 2 and choose a sequence m j G f(Di >00 ) that converges to it . Let {V} be sequence of 
points in Di jQO be such that /(#') = «-'. Then for all j and for all x G Di i<x> , 

(4-29) = d D ^(f{x)J(t j )) 

There are two cases to be considered. After passing to a subsequence, if needed, 

(i) V — >■ i° G dL> 1>00 , 

(ii) P — 7- 1 1 G -Di,oo as j — >■ oo. 

In case (i), observe that the right hand side remains bounded because of the completeness 
of D 2oo . Moreover, since Di >00 is complete in the Kobayashi metric, the left hand side in 
(I4.29p becomes unbounded. This contradiction shows that f(D li00 ) = D 2oo . 

For (ii), firstly, the continuity of the mapping / implies that the sequence {f(P)} converges 
to the point /(t 1 ). Therefore, we must have fit 1 ) = u°. Consider the mappings (J-')"" 1 : 
D 2 — > D{. Now, an argument similar to the one employed in Step II yields that the 
sequence admits a subsequence that converges uniformly on compact sets of 

D 2 ,oo to a continuous mapping g : D 2oo — > D X oo . Then g o f = id Dl oo . Therefore, 

t 1 = ~gof(t 1 ) = ~g(u°)= lim^)- 1 ^ ) 

and consequently the sequence {(/■ ? ') _1 (w )} is compactly contained in i5 lj00 . Now, repeat- 
ing the earlier argument for {(/"O^ 1 }, it follows that g : D 2oo — > D loo and fog = id D2oo . 
In particular, / is surjective. 

This shows that / is a continuous isometry between D l oo and D 2 oo in the Kobayashi 
metric. The goal now is to show that this continuous isometry is indeed a biholomorphic 
mapping. To do this, we use ideas from |29j . 

Step VI: The Kobayashi distance of -D l oo and the Euclidean distance are Lipschitz 
equivalent on any compact convex subset of Di j00 . This follows from Lemma 3.3 of |29j . 
It should be mentioned that although Lemma 3.3 is a statement about strongly convex 
domains, the same proof gives the required result in our setting. 

Step VII: / is differentiable almost everywhere. Since the restriction of / to any relatively 
compact convex subdomain gives a Lipschitz map with respect to the Euclidean distance, 
we may apply the classical theorem of Rademacher-Stepanov to get the required result. 

Step VIII: By [2TJ, the infinitesimal Kobayashi metric Fp is C 1 -smooth on -D l oo x 

C 2 \ {0}. Further, F£ is the quadratic form associated to a Riemannian metric, / is 

C l on -D l oo and finally / is holomorphic or anti-holomorphic. These statements can be 
deduced from the arguments in [29J without any additional difficulties. It follows that 

(4.30) B 2 ~ D hoo = {( Zl ,z 2 ) G C 2 : 29^ 2 + \ Zl \ 2m < 0} 

~D = {(z 1 ,z 2 )EC 2 :\z 1 \ 2m + \z 2 \ 2 <l}. 
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Let F : B 2 — > D be a biholomorphism which in addition may be assumed to preserve the 
origin. Since B 2 and D are both circular domains, it follows that G is linear. This forces 
that 2m = 2. 

But this exactly means that there exists a local coordinate system in a neighbourhood of 
the origin can be written as 

{( Zl ,z 2 ) G C 2 : + N 2 + o(|zi| 2 + 3z 2 ) < 0} 

This contradicts the fact that p° = (0, 0) is a weakly pseudoconvex point and proves the 
theorem. □ 

Remark 4.12. Theorem 11.51 is to be interpreted as a version of Bell's result (cf. [2]) on 
biholomorphic inequivalence of a strongly pseudoconvex domain and a smoothly bounded 
pseudoconvex domain in C n . Here, the end conclusion of non-existence of a global bi- 
holomorphism is replaced by a global isometry. The question of recovering the theorem 
for arbitrary weakly pseudoconvex finite type domains for isometries seems interesting. 

Theorem 4.13. Let f : D\ — )■ D 2 be a continuous Kobayashi isometry between two 
bounded domains in C 2 . Let p° and q° be points on dD\ and dD 2 respectively. Assume 
that the boundaries 8D\ and dD 2 are both C°° -smooth weakly pseudoconvex and of finite 
type near p° and q° respectively. Suppose that q° belongs to the cluster set of p° under f . 
Then f extends as a continuous mapping to a neighbourhood of p° in D\. 

Proof. If / does not extend continuously to any neighbourhood U 2 oip° in D\, there exists 
a sequence of points -{V} C D% converging to p° G dD\ such that the sequence {/(V)} 
does not converge to the point q° G dD 2 . By hypothesis, there exists a sequence {pP} C D\ 
converging to p° G dD\ such that the lim f(p^) = q°& dD 2 . Then for polygonal paths 7 J 

3->oc 

in Di joining pp and s- 7 defined as in Theorem 11.41 and points pP°, s j0 , P , w J and u° chosen 
analogously, it follows from [6j that 

(4.31) d Dl {jP^) < -{l/2)\ogd(jP;dD x ) + (1/2) log (d(p>,dD 1 ) + \p? 

+ (1/2) log (d(V, dD 1 ) + \pP - t j \) - (1/2) \ogd(P, dD 1 ) + d 
Applying Proposition 14.21 yields 

(4.32) d D2 (f(pi)J(V)) > -{l/2)\ogd(f{jP),dD 2 ) -(l/2)\ogd(f(V),dD 2 )-C 2 
for all j large and uniform positive constant C 2 . Next, we claim that 

d(f(p>),dD 2 ) < C A d(p>,dD 2 ) and d(f{t j ),dD 2 ) < C A d{t j ,dD 2 ) 

for some uniform positive constant C4. Assume this for now. Now, using the fact 
d>D 1 (p',t : ') = do 2 (/(p 7 ), and comparing the inequalities (14.3 ip and (I4.32p . it fol- 

lows from the above claim that for all j large 

-(d + d + logd) < (1/2) log (d(pP, dD 1 ) + \pP - + (1/2) log (d(t j , dD 1 ) + \pP - 1P\) 
which is impossible. 

To prove the claim, fix a G D\. By Proposition I4.1[ we have that 

(4.33) d Dl (a,p>) > -(l/2)\ogd(p>,dD 1 )-C 5 
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and 

(4.34) d D2 (f(pi)J(a)) < -(l/2)logd(d(f(pi),dD 2 )+C 6 . 

for all j large and uniform positive constants C5 and Cg. Fix a E D 1 , using do^a,^) = 
d D2 (/(p 7 ), f(a)), and comparing the inequalities (I4.33P and (I4.34p . we get the required 
estimates. Hence the claim. □ 

Theorem 4.14. Let f : Di — > D 2 be a continuous Kobayashi isometry between two 
bounded domains in C n . Let p° and q° be points on dDi and dD 2 respectively. Assume 
that the boundaries dD\ and dD 2 are both C 2 -smooth strongly pseudoconvex near p° and 
q° respectively. Suppose that q° belongs to the cluster set of p° under f . Then f extends 
as a continuous mapping to a neighbourhood of p° in D\. 

The proof of the above theorem is along the same lines as that of Theorem 11.41 and 
Theorem 14.131 and is hence omitted. 

It turns out that versions of the above mentioned results hold for the inner Caratheodory 
distance. More concretely, the following global statements can be proved: 

Theorem 4.15. Let f : D\ — )■ D 2 be a continuous isometry between two bounded domains 
in C n with respect to the inner Caratheodory distances on these domains. 

(i) Assume that D\ and D 2 are both C 3 -smooth strongly pseudoconvex domains in C n , 
then f extends continuously up to the boundary. 

(ii) Assume that D\ C C 2 is a C 3 -smooth strongly pseudoconvex domain and D 2 C C 2 
is a C°° -smooth weakly pseudoconvex finite type domain, then f extends continu- 
ously up to the boundary. 

(iii) Assume that D\ and D 2 are both C°° -smooth weakly pseudoconvex finite type do- 
mains in C 2 , then f extends continuously up to the boundary. 

To establish the above theorem, the following result due to Balogh-Bonk (PQ) will be 
needed. This in turn relies on estimates for the infinitesimal Caratheodory metric given 
by D. Ma 



Theorem 4.16. Let D C C n be a bounded strongly pseudoconvex domain with C 3 -smooth 
boundary. Then there exists a constant C > such that for all a,b G D 

g(a, b)-C < 4, (a, b) < g(a, b) + C 

where 

cfff(7r(a), 7r(6)) + max {(d(a,dD)) 1/2 , (d(b,dD)) 1/2 } 



g(a,b) = 2 log 



(d(a,dD)) 1/ \d(b,dD)) 1 ^ 



du is the Carnot- Caratheodory metric on 3D and tt(z) G dD such that \ir(z) — z\ 
d(z,dD). 



Proof of Theorem 4-15 : Part (i) has been done in Lemma 2.2 of [28J. Parts (ii) and (iii) 
can be verified by making the relevant changes in the proof of Theorem 14.131 - using the 
inequality c l D < d D to get the upper bounds on the inner Caratheodory distance and the 
following consequences of the results of Balogh-Bonk ([lj) and Herbort ([11]): 
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• When a belongs to some fixed compact set L in D, then 

g(a,b) « -(1/2) logd(6, 3D) ± C(L). 

Thus 

e D (a, b) « -(1/2) logd(6,9D)±C7(L). 

• In the case when a, 6 G -D are close to two distinct points on 3D, then 

g(a, b) « -(1/2) log d(o, 9D) - (1/2) log d(6, &D) ± C. 
Consequently, 

c 4 D (a,6) « -(l/2)logtZ(a,9D) - (1/2) logd(6, 3D) ± C. 

• When a, b are close to the same boundary point, 

g{a, b) < -(1/2) log d{a, 3D) + (1/2) log (d(a, 3D) + \a - b\) 

+ (1/2) log (d{b,3D) + \a-b\) - (l/2)logd{b,3D) + C 

Therefore, 

4( a > fe ) < -(1/2) log d(a, 3D) + (1/2) log (d(a,dD) + \a - b\) 

+ (1/2) log (d(b, 3D) + \a-b\)- (1/2) log d(b, 3D) + C 

• When a, b are sufficiently close to two distinct points on 3D for a weakly pseudo- 
convex finite domain in C 2 , then d(a, b) > 1 and d(6, a) > 1 so that 

Co(a,b) > -(1 /2) log d(a, 3D) - (1/2) logd(6, 3D) ± C. 

These bounds on c l D (a,b) are exactly the ones that are needed to reprove Theorem 14.131 
for the inner Caratheodory distance. □ 
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